Recent results on complementary variational principles and error bounds are applied to two problems concerning the large deflection of a horizontal cantilever. The results are illustrated by obtaining accurate variational solutions in the form of simple polynomials.
Introduction.
Complementary variational principles have recently been devel- [1, 2] for a wide class of linear and nonlinear boundary-value problems including many boundary conditions. In certain problems the basic action functional represents a physical quantity of interest such as energy or capacity, and these principles provide upper and lower bounds for these quantities. In nonlinear problems, when attention is centered upon the boundary-value problem itself, complementary variational principles provide the basis for the construction of approximate solutions and error bounds.
The purpose of this paper is to present complementary variational principles relevant to problems occurring in the large-deflection theory of flexible bars. The results are illustrated by two cases of a horizontal cantilever subjected to a vertical load. For these problems it is possible to transform the differential equation and boundary conditions into a fairly simple integral equation and from these representations two sets of complementary variational principles are obtained. The integral equation approach produces the better lower bound of the action functional while using fewer variational parameters.
This fact is used in an error bound for the approximate solution.
2. The class of problems.
We consider boundary-value problems with equations of the form
and boundary conditions aT<p = 0 on dVi , <jT*T<t> = 0 on dV2
Here L is a selfadjoint positive definite operator (see Mikhlin [3] ), possibly a differential, integral or matrix operator, V is some region of space and dFt + dV2 = dV makes up the boundary of V. 
where U is an admissible function satisfying the condition aT*U = 0 on dV2 . (3.14)
Then we see that
the bar over the derivative again denoting that it is to be evaluated at some function u + i)(U -u), 0 < t] < 
for all admissible functions U satisfying condition (3.14).
Since the functions u and <f> are related by u = T<t> in Eq. (2.6), we consider U to have the form U = T<t>2, where <I>2 is an approximation to <t>. Substituting in (3.15) and changing notation slightly by writing G($2) for G(T<1>2), we have
where Eqs. (2.4), (2.5) and condition (3.14) have been used.
By Eq. (3.19) we see G(9,) < m 6. Problem I: horizontal cantilever with a vertical point load at the free end. By introducing the dimensionless variable t = s/L, where s is the distance along the beam, the boundary-value problem satisfied by the angle measured between the tangent at a point on the beam, and the horizontal, is as follows:
-d2cj>/dt2 = (PL2/EI) cos <f>, 0 < t < 1, (6.1)
The cantilever is assumed to be inextensible, of length L and flexural rigidity EI. It is fixed at the end t = 0, and subjected to a vertical point load P at the free end t = 1. where q2 = PL2/EI. Then we take F(<t>) = g2 sin <f> (7.5) and the Green's operator X is found to have kernel 3C(t, z) = min (t, z) 0 < t, z < 1. which is nonnegative since 0 < < ir/2on physical grounds, and therefore the previous theory may be applied to obtain global complementary variational principles.
For the various functionals we find I(<p) = f q2{%cp cos<t> -sin<£) dt, (7 Here m(-n) means m X 10~". $2 = E M', (7.14) .2) were imposed on all the trial functions $1 to <T>4 , and then the functionals were optimized over the remaining free parameters. To estimate the error in from (4.2) we require A which, on using Eqs. (7.1) to (7.3), was found to be
The optimum functional and parameter values are given in Tables I and II , and from these we see that -J(Q1) produced a better lower bound for I(4>) than (?($2), using fewer parameters. This value was substituted for I~ in the error estimate, giving E(^) = 3.37 X 1(T4, (7.18)
indicating that the trial function is quite accurate. This is borne out by calculating the vertical and horizontal displacements by numerical integration of sin and cos $1 and comparing these with the corresponding values found from an approach given in Frisch-Fay [5] , based upon complete and incomplete elliptic integrals. The comparisons are given in Table III. The same assumptions hold as in Problem I, but the vertical point load is replaced by uniformly distributed load per unit length w, and the free end occurs at t = 0, the fixed end at t = 1. In this case the nonlinear boundary-value problem takes the form [6] :
-d2<t>/dt2 = (wL3/EI)t cos 4>, 0 < t < 1; (8 where the prime on the summation denotes that we omit the terms t and t2. The former are omitted in order that $i-satisfy the first boundary condition in (8.2), the latter omitted to avoid the term -(d2$2/dt2)/(r2t) in G($2) becoming infinite at t = 0. After imposing the second boundary condition of (8.2) on -<J>4, the functionals were optimized over the remaining free parameters. The value of A is the same as in Problem I, as given in Eq. (7.17), and the optimum functional and parameter values for this problem are given in tables IV and V. Again -J(d1) produced the better lower bound of /(<£) and on substitution for I~ in the error bound we obtain £($0 = 1.76 X 1(T\ (9.17)
The vertical and horizontal displacements for points along the beam were calculated as in Problem I and compared with those from a power series approximation used by Rohde [6] . The comparisons are given in Table VI . Given the values of EI, L and w, this seems to be a more logical approach to the problem. 
